It is shown that a variational method with a squeezed state is a useful method for treating many-fermion systems, such as that of the pairing model, that goes beyond the usual HartreeFock-Bogoliubov approximation. A pairing-type quasi-spin squeezed state is constructed and adopted as a trial state in this variational method. By using this state, quantum fluctuations are taken into account. As a possible extension to the O(4) model, prospective squeezed states are investigated and its usefulness is discussed. From the viewpoint of the variational approach with a suitable trial state, a fermionic squeezed state is constructed and it is used to obtain a good result for the ground state energy in the O(4) model, while the direct product of two quasi-spin squeezed states based on the algebraic structure does not give a good approximation. §1. Introduction
§1. Introduction
As a possible extension of the time-dependent Hartree-Fock (TDHF) theory, a quasi-spin squeezed state was introduced in place of the Slater determinantal state as a possible extension of the trial state of variation. 1), 2) This state realizes the minimum uncertainty relation, like the Slater determinantal state, as a certain kind of coherent state. However, in contrast to the coherent state approach, the quasispin squeezed state approach can take account of degrees of freedom for quantum fluctuations dynamically. For this reason, the squeezed state approach gives a better approximation than the coherent state approach in general.
In previous works, 1), 2) applications of the quasi-spin squeezed state for manyfermion systems were carried out in simple algebraic models. For example, application to the Lipkin model, 3) in which the particle-hole interaction is non-zero, shows clearly that the quasi-spin squeezed state represents a useful and powerful approximation, 2) because quantum fluctuations are contained properly. In this model, the quasi-spin squeezed state was constructed so as to take account of the particle-hole correlation. Here we call this a the particle-hole type squeezed state. This state describes the phase transition faithfully, and in a certain limiting case for this state, the RPA equation is obtained. 4), 5) From this viewpoint, the variational method with the quasi-spin squeezed state is superior to the RPA for many-fermion systems.
One of the present authors (Y. T.) with Yamamura and Kuriyama presented a method of constructing a quasi-spin squeezed state for the pairing model. 1) Also, two of the present authors (H. A. and Y. T.) have investigated a possible treatment with a quasi-spin squeezed state in the Lipkin model in the context of minimal quantum fluctuations. 6) However, a prescription for constructing generalized squeezed states for fermion systems has not yet been formulated, except for particle-hole-type and pairing-type (i.e. su(2)-type) quasi-spin squeezed states.
In this paper, we extend the quasi-spin squeezed state for the pairing model to the O(4) model 7) , which has recently been reinvestigated in the context of shape coexistence phenomena of nuclei 8), 9) .
As an extension of the pairing type quasi-spin squeezed state, we attempt to construct possible quasi-spin squeezed states for the O(4) model. With an algebraic treatment, as for the O(4)-coherent state, we attempt to construct a O(4)-squeezed state by the direct product of two su(2)-squeezed states. However, the estimation of the ground state energy with this squeezed state is not as good as that obtained with the Hartree-Fock-Bogoliubov (HFB) approach. Therefore, we attempt to construct a more suitable squeezed state with quantum correlations for the O(4) model that does not employ an algebraic viewpoint. This paper is organized as follows. In the next section, the exact treatment, the Hartree-Fock approximation and a squeezed state approximation of the pairing model 10) -12) are presented, and notation is defined. In §3, the extension of the pairing-type squeezed state to the O(4) model is given. The energy expectation value of the ground state is calculated numerically using two possible squeezed states for the O(4) model. The expectation values of the various operators with respect to two squeezed states are given in Appendices A and B. In Appendix C, we summarized the Holstein-Primakoff boson mapping method in the O(4) model in order to facilitate comparison with our squeezed state approach. The last section is devoted to a summary. §2. The exact solution, the coherent state approximation and the squeezed state approach for the pairing model with a single energy level
In this section, the exact treatment of an exactly solvable quantum many-fermion model, which is called the pairing model, is reviewed for later convenience. Also, the coherent state approximation, which corresponds to the BCS approximation, is presented.
Exact solution for the pairing model
We investigate a simple many-fermion system in which there exist N identical fermions in a single spherical orbit with a pairing interaction. The single particle state is specified by a set of quantum numbers (j, m), where j and m represent the magnitude of the angular momentum of the single particle state and its z component, respectively. Thus, we start with the following Hamiltonian:
where and G represent the single particle energy and the force strength, respectively. The operatorsĉ m andĉ † m are the fermion annihilation and creation operators with quantum number m. They obey the following anti-commutation relations:
Now, we introduce the following operators:
3) Here, Ω is equal to half the degeneracy: Ω = j + 1/2. These operators form the su(2)-algebra:
For this reason, these operators are called "quasi-spin operators". 10), 11) The Hamiltonian (2 . 1) can be rewritten in terms of these quasi-spin operators aŝ 5) whereN is the number operator:
As is well known, the eigenstates and eigenvalues of this Hamiltonian are easily obtained. From the relation [Ŝ 0 ,Ĥ] = 0, we find that the eigenstates of Hamiltonian are also eigenstates ofŜ 0 :
Thus, we obtain the eigenvalue equation
Here, from the relationŜ 0 =N/2 − S j , the eigenvalue S 0 can be written in terms of the particle number N as S 0 = N/2 − S j . Further, if we introduce the variable ν as
the energy eigenvalue E ν is given by
Thus, the ground state energy can be obtained by setting ν = 0:
Coherent state approximation
Next, we review the coherent state approach to this pairing model, which is identical to the BCS approximation of the pairing model consisting of a single energy level.
The su(2)-coherent state is given by
We impose the canonicity condition,
A possible solution of this canonicity condition is given by
Then, the expectation values are obtained as
Thus, the expectation value of the HamiltonianĤ and the number operatorN are given by
If the total particle number is conserved, that is, N =[constant], then the energy expectation value E can be obtained as a function of N :
It is interesting to compare the exact ground state energy (2 . 11) and the BCS approximated energy (2 . 18). The last term of (2 . 18) is different from that of the exact result in (2 . 11). Let us assume that the particle number N and half of the degeneracy, Ω, are the same order of magnitude. If Ω (or N ) is large, both the last term of the exact eigenvalue (2 . 11) and of the approximate ground state energy (2 . 18) can be ignored. Thus, the coherent state approximation yields a good result for the ground state energy. This situation is similar to that in the large N limit that occurs in several fields of physics.
Quasi-spin squeezed state
In this subsection, the quasi-spin squeezed state is introduced following Ref. 1). First, we introduce the operatorŝ
whereN is identical to the number operator (2 . 6). Then, the commutation relations can be expressed as
Using the boson-like operatorÂ † , the su(2)-coherent state in (2 . 12) can be recast into the form
where α is related to f in (2 . 12)
) is a vacuum state for the Bogoliubov transformed operatorâ m :
The coefficients U and V here are given by
Of course,â m andâ † m are the fermion annihilation and creation operators, and they satisfy the anti-commutation relations. Using the above Bogoliubov transformed operators, we introduce the following operators:
(2 . 24) Then, the state |φ(α) satisfieŝ
The commutation relations for these operators are as follows:
The quasi-spin squeezed state can be constructed from the su(2)-coherent state |φ(α) by using the above boson-like operatorB † , as in the case of the ordinary boson squeezed state. Explicitly, we have
We call the state |ψ(α, β) the quasi-spin squeezed state.
Numerical estimation of the ground state energy using the quasi-spin squeezed state
In this subsection, we report the numerical evaluation of the expectation value for the ground state energy using the quasi-spin squeezed state. We impose the following minimization condition:
where µ represents the chemical potential and · · · denotes the expectation value evaluated with respect to the quasi-spin squeezed state. The variation here can be carried out with the variational parameters (α, α * ) and (β, β * ). If we set β = β * = 0, this state is reduced to the su(2)-coherent state.
In Fig. 1 , the ground state energy in units of is depicted in the case that N = Ω = 8. The horizontal axis represents the force strength G of the pairing interaction. The dotted curve, dot-dashed curve and solid curve represent the exact energy eigenvalue, the expectation value of the Hamiltonian with respect to the coherent state, and the expectation value of the Hamiltonian with respect to the quasi-spin squeezed state, respectively. The result obtained with the quasi-spin squeezed state accurately fits the exact eigenvalue for a wider range of values of G than does the result obtained with the coherent state.
In Fig. 2 , the energy is depicted in the case that = 1.0 and G = 1.0. The horizontal axis represents the particle number, N , with Ω = N . Here the result obtained using the quasi-spin squeezed state is almost same as the exact eigenvalue. These figures show that the squeezed state approach yields a good approximation. §3.
Extension to the O(4) model with pairing plus quadrapole interactions
In the previous sections, the su(2)-algebraic model with a pairing interaction was investigated using the quasi-spin squeezed state. We found that the ground state energy obtained with this state is a better approximation of the exact result than that obtained with the usual su(2)-coherent state. In this section, we attempt to extend our squeezed state approach to the O(4)-algebraic model with both pairing and quadrapole interactions in a many-fermion system, such as a nucleus.
O(4) model with pairing and quadrapole interactions
Let us start with the single-j shell model, where j is the angular momentum quantum number. Thus, the degeneracy 2Ω is 2Ω = 2j + 1. Both the pairing and quadrapole interactions are non-zero in this model. The Hamiltonian can be expressed as 7 
Here, we define the following operators in terms of the fermion annihilation and creation operators {ĉ m ,ĉ † m }: 
and Ω represents half of the degeneracy. In (3 . 2), we also define P † and P for later convenience. The Hamiltonian (3 . 1) has O(4)-algebraic structure. We can construct the following two su(2)-generators from the operators in (3 . 2):
These operators satisfy the following commutation relations: (2) ] model. This model can be solved exactly, because the model space is spanned by two quasi-spin su (2) states and the diagonalization is easily carried out. Thus, the validity of an approximation can be checked.
The approach employing the O(4)-coherent state corresponds to the HFB approximation. The O(4)-coherent state can be constructed from the direct product of the two su(2)-coherent states as Figure 3 displays the exact ground state energy eigenvalues (dotted curve) and the energy expectation value calculated with the O(4)-coherent state (dashed curve). The model parameters G and χ are parameterized as G = cos θ and 2χ = sin θ, 7) and N = Ω = 8 and = 0. It is found that, if the quadrapole interaction is dominant, that is, if θ is large, the coherent state approximation yields good results for the ground state energy. However, if the pairing interaction is dominant, the coherent state approximation is poor. There is sufficient freedom to construct an approximate state in the O(4) model with the pairing and quadrapole interactions, such as a nucleus.
Direct product of two quasi-spin squeezed states
In analogy to the su(2)-squeezed state given in §2, let us construct a squeezed state for the O(4) model. 
where the coefficients of the Bogoliubov transformation are given as
Then, the boson-like operators, similar to those in (2 . 24):
Thus, the following commutation relations are satisfied:
The quasi-spin squeezed state |ψ for the O(4) model can be constructed from the direct product of the two quasi-spin squeezed states, |ψ(α I , β I ) and |ψ(α O , β O ) , which are defined similarly to (2 . 27):
The two su(2)-generators are expressed in terms of the boson-like operators introduced in (3 . 10) aŝ 
Also, the pairing operatorP , the quadrapole operatorQ, and the number operator N can be expressed in terms of the above two sets of the su(2)-generators aŝ
Thus, the expectation value of the Hamiltonian (3 . 1) can be expressed in terms of those of the su (2) The expectation values are given in Appendix A. The energy expectation value for this model Hamiltonian with respect to the direct product of the two quasi-spin squeezed state is plotted in Fig. 3 (dot-dashed curve) and compared with the exact eigenvalue (dotted curve) and the expectation value derived using the O(4)-coherent state (dashed curve) in the case N = Ω = 8. The horizontal axis represents θ, in terms of which we parameterize the force strength G and χ as G = cos θ and 2χ = sin θ. It is found that the direct product of the two su(2)-spin squeezed states does not yield good results for the ground state energy, especially in the region where the pairing interaction is dominant. The reason for this is as follows. If χ = 0, the O(4) model is reduced to the pairing model investigated in §2. However, the direct product of the two quasi-spin squeezed states is not reduced to the state in (2 . 27) because there is no cross termB † IB † O , even if the parameters are chosen as α I = α O and β I = β O . Therefore, in this case, the direct product does not include appropriate pairing correlations fully, and thus it does not give a suitable squeezed state for many-fermion systems.
Fermionic squeezed state
In the previous subsection, the squeezed state for the O(4) model was constructed using the direct product of the two quasi-spin squeezed states. The extension of the su(2)-quasi-spin squeezed state to that for the O(4) model may be natural from the viewpoint of algebraic structure. However in this extension, the ground state energy is not predicted accurately. In this subsection, we construct a trial state, which we call a fermionic squeezed state.
We define another squeezed state |s as Fig. 4 . Differences between the exact eigenvalue and the ground state energies obtained using the coherent state (dot-dashed curve), the fermionic squeezed state (solid curve), and the boson expansion up to fourth order (dotted curve) are plotted as functions of θ. , and then the energy expectation value is evaluated. In  Fig. 3 , the energy expectation value calculated using the state |s (solid curve) is compared with the energies obtained from the exact approach, the coherent state approximation and the approximation using the direct product of the two quasi-spin squeezed states given in (3 . 12) . It is shown that our squeezed state approach with the state |s yields good results.
In Fig. 4 , the differences between the exact eigenvalue and the ground state energies obtained using the coherent state (dot-dashed curve), the fermionic squeezed state (solid curve), and the boson expansion up to fourth order (dotted curve) are plotted in the case N = Ω = 8. In this O(4) model, the quasi-spin operator and its eigenstates can be mapped exactly in the boson space constructed with the HolsteinPrimakoff boson. Thus, the boson expansion method yields good results even around the phase transition point. However, from the viewpoint of a variational approach beyond the HFB approximation, the squeezed state approach is significantly better than the coherent state approach in the variational method. Except for the region around the phase transition point, our squeezed state approach is almost equivalent to the Holstein-Primakoff boson expansion of the su(2) generator up to fourth order.
In Fig. 5 , the quantities |β I | and |β O |, which represent the quantum fluctuations and by which the particle-particle correlations are taken into account, are plotted in the case of the fermionic squeezed state (a) and the direct product of two quasi-spin squeezed states (b). In both cases, |β I | (solid curves) and |β O | (dashed curves) are almost the same. In all regions, the values |β I | and |β O | obtained using the fermionic squeezed state are larger than those obtained using the direct product of two quasispin squeezed states. In particular, in the fermionic squeezed state approach, it is found that the values are not negligible in the region where the pairing correlation is dominant. For this reason, the pairing correlation is taken into account in this state. However, the values of |β I | and |β O | are rather small in the region where the quadrapole-quadrapole correlation is dominant. It may be concluded that the O(4)-coherent state is rather good state for describing the system in which the quadrapole correlation is rather strong. In Figs. 6 and 7, the energy expectation values with respect to the coherent state (dashed curve), the direct product of two quasi-spin squeezed states (dot-dashed curve) and the fermionic squeezed state (solid curve) are plotted together with the exact eigenvalues (dotted curve) in the case N = Ω = 8 with χ = 0.2 (Fig. 6) and G = 1.0 (Fig. 7) . Here, the horizontal axes represent G (Fig. 6) and χ (Fig. 7) . It is energy expectation value be minimized. We find that |w| = 0 is a solution of this minimization. Thus, the k-squeezed state is reduced to the su(2)-coherent state in this pairing model. Therefore, we conclude that the quasi-spin squeezed state is a good state for the purpose of taking into account the pairing correlation. §4. Summary
We have investigated the validity of the quasi-spin squeezed states as trial states in a variational method in many-fermion systems with simple algebraic structures. We estimated the ground state energy for the pairing model numerically using the variational method and compared the results with those of the coherent state approach and the exact energy eigenvalue. We found that this quasi-spin squeezed state approach is superior to the coherent state approach for all strengths of the paring interaction.
We applied the quasi-spin squeezed state to the O(4) model, which has an su(2)× su(2) algebraic structure. Because we obtained the su(2) quasi-spin squeezed state to take account of the pairing correlation, we adopted the direct product of two su(2) quasi-spin squeezed states as a trial state. However, we find that the quasispin squeezed state approach using the direct product of two quasi-spin squeezed states gives results that are inferior to those obtained using the O(4)-coherent state approach. The reason for this result is that the pairing correlation cannot be included appropriately with the former approach, and the direct product of two quasi-spin squeezed states is not reduced to the quasi-spin squeezed state for the pairing model when χ = 0. For this reason, we constructed another squeezed state that does not employ the O(4) algebra, which we call the fermionic squeezed state. This improved squeezed state partially includes the quadrapole correlation, and it is reduced to the quasi-spin squeezed state when two parameters are identical. Although the fermionic squeezed state gives better results than the direct product state, it may be not sufficient to include the quadrapole correlation when the quadrapole interaction is dominant (G < 2χ) as is seen in Fig. 3 compared with the exact energy eigenvalues. This is a further problem that we hope to solve by finding a more suitable state.
In addition to this problem, we need study advanced applications of squeezed states to excited state energies, a multi-level model, and so on. In particular, the application of squeezed states to excited states is an important problem in manybody physics. Just like the HFB approach, this quasi-spin squeezed state approach is based only on the variational principle. In other words, it is not necessary to use other complicated technical skills for including quantum fluctuation effects, because quantum fluctuations are taken into account by the quasi-spin squeezed state itself. Therefore, the quasi-spin squeezed state approach is not only simple but it also includes quantum correlations properly in the ground state. However, a squeezed state framework for excited states has not yet been constructed. We leave this as a future problem.
As a further application of the quasi-spin squeezed state approach, it would be interesting to investigate a nuclear su (2) -model that interacts with the environment represented by a harmonic oscillator. 14) In this model, the case of a dissipative pro-cess has been realized. However, in our previous treatment, 14) quantum fluctuations were not taken into account. Therefore, a quasi-spin squeezed state approach might be suitable to introduce into and investigate the effect of quantum fluctuations on the system. 
